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Summary

Star polyhedra appear on some baroque churohes io Rpresent papal heraldic symbols, antbprothe
protestant churches in Hungary to represent tfeBSthlehem. These star polyhedra occur differeny
shapes. In this paper, we will provide a mogtodlegiiew of these star polyhedra, andegensitiuct them by
using the program package Mathematica 6.
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1. Introduction

Star is an ancient symbol that was importanfaltbadEgyptians. Its geometrical represeasatiean a planar

star polygon or a polygramma. In reliefs, thget ltav&ain spatial character, but still thexpde2rdimensional
objects. Real 3-dimensional representatiorss avkstiar polyhedraihey are obtained by extending the faces of
convex polyhedra so that their planes inteiggdt].aghis technique is catigthtionln a broader sense, those
polyhedra are also called star polyhedra thtdiaesl bglevatinghe face centres of the polyhedra, which are, in
this way, augmented by pyramids (the basemidaipidantical to the face of the polyhednoshanstands).

To our knowledge, star polyhedra do not ocypaanEculture until the Renaissance. Thenfipht ea star
polyhedron is a planar projection of a smaitl steti@cahedron in the pavement mosaic o Radididd in
VeniceHig. 1a It is attributed to Paolo Uccello. Laten)ydtadqa, together with other polyhedra, wedebgtudi
mathematicians and artists such as Luca Raaohdfflo da Virkdg( 1l Wentzel JamnitZég( 1x and others
[3]. Polyhedra, including also star polyhednanaents became popular since the beginnirggary treroque
architecture in Italy. The star-on-hills symi®liroecnumber of papal coats of arms, whiah decaiptural
decoration on emphasized parts of the facaltbngé.blihis symbol and sometimes the starresth aso
appeared as a three-dimensional object on ¢herfattte top of the dome of a church [4].

Star polyhedra occur often at the top of gpivesstdnt churches in Hungary [5,6]. Thegarspire symbols of
the Star of Bethlehem. At the beginning, spiepstared as 2-dimensional polygons, but di#fcecthtairy they
have been produced as 3-dimensional polyhaisiag8uithe shape of these spire stars sheatvarity.

The aim of this paper is to provide an ovetviemarphology of star polyhedra occurringdbushktings and,
using the very recent version 6 of the Mathanogitisa package, to reconstruct the differgolyistaira. We
want to show many types of these star polyhedra.

2. Star polyhedra in the baroque Rome

The first star polyhedra in Rome appeared @pontjfibate of Pope Sixtus V (1585-1590)fddie dlaelisks re-
erected: one in the Piazza San Pietro (1586)hemiazza dell’Esquilino (1587), one inzh&SRimGiovanni in
Laterano (1588) and one in the Piazza del B&IBigl 2 The top of each obelisk is decorated with three
mountains and a star, that is, with the maitsaléhisrtoat of arms.The heraldic star imtegrege compound



(@) (b) (c)

Fig. 1 (a) Small stellated dodecahedron in thenpawesaic of St Mark’s basilica, Venicegdhttiltgolo Uccello (1397-
1475). (b) Elevated rhombicuboctahedron by ldeoWarcio(1452-1519). (c) Great stellated dirdecatehing by Wentzel
Jamnitzer (1508-1585).

(@) (b) (€)

Fig. 2 (a) Obelisk in the Piazza del Popolo,ireRoeeted by Pope Sixtus V in 1589. Thieaabelisk is decorated with his
heraldic symbols: three mountains and a stae. Ifleyaldic star is represented by a compoumcighthpointed star
dipyramids, (c) that is reconstructed by ustmgalticals.

(@) (b) (€)

Fig. 3 (a) The church San Andrea della Valle. itsRetesign was under Pope Alexander Vio, Rgi@aldi in 1665. (b) The
star at the top of the dome is a compoundeititie@inted star dipyramids, (c) that iswetamhblr using Mathematica 6.
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Fig. 4 (a) The church Sant’lvo alla Sapienze,iddR@ned by Francesco Borromini, built 16A2thédfottom of the drum
of the dome, there are two copies of the herdidis sf Pope Alexander VII: six mountaingaangh)aThe heraldic star is
represented by a compound of four eight-poidipgrataids, (c) that is reconstructed by tisémgatiea 6.

(@) (b) (c)

Fig. 5 (a) The Archiginnasio della Sapienza,ibuRbby Pirro Ligorio and Giacomo delldufiogahe pontificates of Pope
Gregorius XlIl and Pope Sixtus V. The top wéthie tiecorated with the main motifs of tHeacoet af Sixtus V: three
mountains and a star. (b) The heraldic stasenteg by an elevated rhombic dodecaheéwngithicted by Mathematica.

(@) (b) (€)

Fig. 6 (a) Sacristy of St Peter’s in Rome, d®sigadd Marchionni, built 1776-84. (b) Thiéheteoat of arms of Pope Pius
VI appears at the top of the dome as a gresd dedlacahedron, (c) that is reconstructed Mattsimatica 6.



() (b) (c)

Fig. 7 (a) The Chigi chapel in the church SentieM2opolo in Rome. The whole church waseckdgsi@ian Lorenzo
Bernini during the pontificate of Pope AleXaraher ttie top of the dome of the Chigi chapmlaweented with the pope’s
symbols: six mountains and a star. (b) Theegtasénted by an elevated icosahedron, (eurtedrist Mathematica 6.

(@) (b) (c)

Fig. 8 (a) The church Santa Maria della Pace itsRagade was designed by Pietro da Cattdrég@67, during the ponti-
ficate of Pope Alexander VII. The star of tdfeanoatof the pope appears in three copiegshevopof the fagade and one
on the portico. (b) Each star is representedebatad tri-augmented triangular prism, (tjuetednsy using Mathematica 6.

(@) (b) (€)

Fig. 9 (a) The clock tower of Oratorio deii iRillppne, designed by Francesco BorromiGBh6ilt 1b) It is decorated with
two stars having the shape of an elevated diteaibmegonal antiprism with two additionalcpairasjs reconstructed by
using Mathematica 6.



(Fig. 2bobtained in the following way. Consider 8-plainged star. Elevate the centre of the gtar ablywe

and below the plane of the star to form a istamdlipylaking two intersecting star dipyranoi@dinigya copy of
the original by 90°, a 14-pointed compoundnesi.obtae tower of the Archiginnasio della Sapedaoa
ornamented with the heraldic symbols of Popé Sigitd The star here is an elevated rhombic dodecahedro
(Fig. 5h Six mountains and a star were the main e@éthentsat of arms of the Chigi family ando$d-alsio
Chigi who became Pope Alexander VIl (1655367glditisstar decorates the dome of the chuxnbr8ardella
Valle Fig. 3@ The star appears in the form of a compore® &pthnted star dipyramids where the plages of t
three star polygons are pair-wise perperfiguBr This star compound has 18 points. The chiikah eflan
Sapienza also bears his stags @a which are constructed in the form of a confplmumddgpointed star
dipyramidg-ig.4h. This compound having 26 points is obtainatihgytmoee copies of the original star dipyramid
by 45°, 90°, 135° about an axis passing throsegé ppints. The heraldic star of Alexandeeard mpthe form

of an elevated dodecahedron (small stellatededivdecsith extended points) on the top ofitkesdmted in

the Piazza di Santa Maria Sopra Minerva (16&6amel béthe Chigi chapel in the church SanteINPanmslo

(Fig. 7ais decorated with a star that is an elevatkddams (great stellated dodecahedron with gdensled
(Fig. 7h The elevated icosahedron was applied inpieseercthe fagade of the church San Andreslelela V
well, and later on the top of more obelisks thathnathe Piazza della Rotonda (1711), Riquaardde (1786),
Piazza della Trinita dei Monti (1789), PiaZZedeial¢lL822). A nice, almost perfect gréad stetlacahedron can

be seen on the top of the Sacristy of St Pigte®a Jgconstructed during the pontificate of Pope(Fius-99)

[7]. Strange looking star polyhedra represendlttie $tar of Alexander VII on the church&entell Pace
(Fig. 8ap These 14-pointed star polyhedra are obtale@tinpn from a slightly modified Johnsore gakid th
augmented triangular prisriiflre $hows rather complicated 26-pointed star pdiylegastand on both sides
of the clock tower of the Oratorio dei Filthpitiazza dell'Orologio. This star polyhedrercaasiructed in the
following way. Consider a hexagonal antipramdadpyramid on each of the two hexagosaicfatest the
apexes of the pyramids are on the circumspher@ntprism. In this way, the antiprism is edgmigntwo
hexagonal pyramids, and a convex polyhedromnriaitgudr faces is obtained. Then apply edevhpon two
additional triangular pyramids at the apexéexddgomal pyramids.

Piperno [4] mentions further examples of semirgatyifiRome and outside Rome, but we couldknahahe
reconstruct them. These are on: the gate & eig¥iin Rome, the main fountain in Vilia Bageaia, the
fountain in the main square of Ariccia, theuntain fo Oriolo Romano, the obelisk in Urbjrobahbly the
church S.S. Annunziata in Genzano. Harggtanjéntbns star polyhedra on the gate in taeoS§aptember
20 in Bologna.

3. Further star polyhedra

In addition to the star polyhedra in Romesaswriouhdings, we know some further examgilgsolyfhetdra on
other parts of the world. For instance, thaceoof fdhe Great Synagogue in Paris is ornamtiemied small
stellated dodecahedrég( 1D and the tower of the Mole Antonelliana is Tapped with a huge elevated
dodecahedroRig@. 1L There are star polyhedra also in China. BitierE@eintre in Beijifig.(1pwas a present

of the Soviet Union. Soviet architects oftevedseihted stars to decorate their buildingsppkatd here, too.
However, in addition to five-pointed star dipyaismidtar polyhedra decorate this buildiegytiitat unusual.
Unfortunately, we are unable to say what kinpdobflstdra was applied here. It came to edglenihat the19
century Evangelic church in Libcice nad ViestoRepublic and th&dehtury town hall in Kluczbork, Poland are
topped with a star polyhedron as well. Fisalyorth mentioning that the known Christmasolezaiiad
Moravian Star is also a star polyhedron. Ituwdtmadkeor partial elevation of the rhomaiedrocEig. 13

4. Star polyhedra in the architecture of protestamtbles in Hungary

Star polyhedra as symbols played a specigheotedhitecture of protestant churches in Hiurgargourse of
the 16 century, reformation became quite widespreazbimtly so that in a decade of the secondhiealf of
century, four fifth of the population follovesthitistn. The split between Lutherans andsCahdni® the
foundation of the Hungarian Reformed Churdbabyirtisés can be dated back to the SynodeasinDedckin
1567. This is also the period when the usdgeiesymbols and signs of churches has beausim [5]. A
peculiar element of the architectural shaperofeigtant churches is the pinnacle of the Hewep point of
spires, which has been ornamented with a aetbsdi@thurches, bore a star at protestardarfl @akernist and



(@) (b) (€)

Fig. 10 (a) Grande Synagogue de Paris, ruetdérda ddsigned by Alfred Aldrophe, built 185tefifence is decorated
with star polyhedra. (b) Each star polyhedsomals siellated dodecahedron that has the firapdrtycertain views, the
contour of the polyhedron is identical to #ié&tad. (c) Reconstruction of the polyheding bMathematica 6.

() (b) (c)

Fig. 11 (a) Mole Antonelliana, Turin, desiglesddndfo Antonelli, built for a synagoguehdwé@sgs 1863-89. In 1904, a 4-
m-diameter star was erected on the top ofitige th)ildihe star is an elevated dodecahedated(stehll dodecahedron with
extended points), (c) that is reconstructed Matisematica 6.

(a) (b)

Fig. 12 (a) The Exhibition Centre in Beijingeddbgi¢/ictor Andreiev, built in 1954. (b)cttrédedewith five-pointed star
dipyramids and with some star polyhedra. Uslfostneduld not identify the structure ofahpséybedra.



(@) (b) (c)

Fig. 13 Moravian star invented by a teachekyat@¢igmany, about 1850. It is an elevated bootabiedron, used for
Christmas decoration. (a) The original desigallvitheze of the rhombicuboctahedron are elesaltét in a star with 26
points, (b) a lamp where no triangle facesaded gleythe same as (b) but some points naledaxtere than the rest.

(@) (b) (c)

Fig. 14 (a) Lutheran church in the villagétofidnsalbertirsa), Hungary. It was built its Ejire with the star was completed
in 1925 and renewed recently. (b) The old eistaspg an elevated rhombicuboctahedron whees ate elevated.
(c) Reconstruction of the star polyhedron Mattsémgatica 6.

(@) (b) (€)

Fig. 15 (a) Reformed church in the town of Rgasy, idasigned by Imre Schlauch, built in) IR sghre star is a partially
elevated rhombicuboctahedron where only tHasemiare elevated. (c) Reconstruction oftiheisiiag Mathematica 6.



(@) (b) (c)

Fig. 16 (a) Reformed church in the town ofFBamgary, designed by Gyo6rgy Hars, built in) T9R9sfiire star is a partially
elevated rhombicuboctahedron where only therfasesncling to the faces and vertices of theylsrame elevated (the
square faces corresponding to the edges ofhtrmuparare not elevated). (c) Reconstructiatenflih using Mathematica 6.

(@) (b) (c)

Fig. 17 (a) Lutheran church in the village @fHRahg@ry, built 1776-77. Its tower was camg2ed (b) The spire star is a
compound of two six-pointed star dipyramidselviermes where the spire star looks like did&téd. (c) Reconstruction of
the star by using Mathematica 6.

(a) (b) (c)

Fig. 18 (a) Reformed church in Kalvin SquarestBHdapgary, designed by Vince Hild and Jéebééridiuilt 1816-30. Its
spire was completed in 1859. (b) The spireastgosed of 1,10,10,10,10,1 equal rhombic packadisiong horizontal
small circles on a sphere. (c) Reconstructiatanfiiiy using Mathematica 6.
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Fig. 19 (a) Reformed church in Nagyvarad SaiepestBidungary, built 1930-35. (b) Its spiise ciarposed of
1,8,12,12,12,8,1 equal truncated square pyraekeidsafmng horizontal small circles on a spieenédsPin the three 12-
member layers are aligned vertically. (c) Remomsfrthe spire star by using Mathematica 6.

(@) (b) (€)

Fig. 20 (a) Reformed church in Frangepan SapestBHdngary, built 1927-33. (b) The sprecststructed of equal cones
on a sphere such that the cones are placedratésetthe faces of a rhombicuboctahedewar(siriction of the spire star
by using Mathematica 6.

(@) (b) (c)

Fig. 21 (a) Reformed church in the town of Heegedy, designed by J6zsef Boros, built 194IFA&. qpire star is
composed of 1,4,8,8,8,4,1 equal cones packedradontal small circles on a sphere. (¢) Reteamsifuhe star by using
Mathematica 6.



Unitarian) churches. The primary meaning ofithiaeteontext of protestant art and archaetierieint of the
Star of Bethlehem as described in the Biblst €kanfiples of star symbols on spires of prchestiies had
been realized as planar stars having a castoppepstructure but certainly there were déacd maod which
had been rapidly deteriorated and disappeasstbgliage shape of star polyhedra as a threerthnebjsict
appeared on church spires as a result of thEnasuedd copper and mainly the zinc industdircéimeury.
Catalogues of zinc factories offered a wideoaoiesr spires with different symbols. Nowgstalystimeran
churches are topped with a cross and/or aetagstieformed churches are topped with @ sdak @nd never
with a cross.

Figures 14-Zhow a selection of many types of spire stengaoiaH protestant churches, different froim those
Figs 2-11lt is worth mentioning that stkigsrR0, 2&re not star polyhedra but configurations walkece@dar
cones are arranged on the surface of a sphisrevdy, these constructions are related topambtifeyeometry:
packing of equal circles on a sphere [8].

5. Reconstruction of star polyhedra

The identified star polyhedra have been reednisyrube new version 6 of the Wolfram Matlprogitca
package. Due to many advantages of the graghgs, paanost cases, it was relatively easyute the=c
elevation of the faces of the parent polyhddranahthe required orientation. The reconstangietyhedra with
the same orientation as that of the respeetstaispare presented in the subfig)lo#fsgs 2-1and14-21

6. Conclusions

While walking in Rome or in Budapest peopte stan fimlyhedra representing star symbols eiosétirgs.

They are representatives of some dozen suotcsteargyon Italy and of many hundred suchcstiansgo

Hungary. Their shape has not been studiedBsotler.shapes of these star polyhedra areendiealiave

discovered and shown in this paper how ricld thiefevars of star polyhedra ornamenting lsiildimh&lentified
and presented a number of different typessathmsghedra.
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